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ON : 1 Introduction and statement of results 

' In this paper, we consider the following semilinear elliptic equation 

(N 

O' - Au + V{x)u = K{x)\u\P-^u in R^. (1.1) 

m 



where > 3. The exponent 

r, = ^.(N - 



X 

_ .' with the real numbers b and s satisfying 



p = 2(iV - ^)/(7V - 2) (1.2) 



6 < 2, 0, < y < 1. (1.3) 


By this definition, 2 < p < 2* := 2N/{N - 2). 

With respect to the functions V and K, we assume 

(Ai). V,K e C(K"). Forevery X G R^, V{x) > and if (a;) > 0. 

(A2). There exist < a < 00 and < /i < 00 such that 

lim |a;|V(a;) = aand lim {xl"" K (x) ^ fi. (1.4) 

|a;|— foo |a;|^oo 

A typical example forEq. dl.ll l with V and K satisfying (Ai) and (A2) is the equation 

-Au+ ,^ °, ^ „ \u\P-^umR'^ (1.5) 

(l + lxl)" ii + \x\y^ 
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When < b < 2, the potentials are vanishing at infinity and when 6 < 0, the potentials are coercive. 

Eq. dl.ll i arises in various applications, such as chemotaxis, population genetics, chemical reactor the- 
ory, and the study of standing wave solutions of certain nonlinear Schrodinger equations. Therefore, they 
have received growing attention in recent years (one can see, e.g., 121, El, El, lITOl . ifTTl and llT3l for 
reference). 

Under the above assumptions. Eg. (II. lb has a natural variational structure. For an open subset in , 
let C§°{fl) be the collection of smooth functions with compact support set in ft. Let E be the completion 
of (M^) with respect to the inner product 



{u,v)e = 



VitVwda; 



V{x)uvdx. 



From the assumptions (Ai) and (A2), we deduce that 



are two equivalent norms in the space 



da;)i/2and(/ V{x)\u\^dxy/^ 



L^(IR^) = {u is measurable in \ j V{x)\u\'^dx < +00} 



N 



Therefore, there exists Bi > such that 

|2 



Moreover, the assumptions (Ai) and (A2) imply that there exists B2 > such that 

K{x) < 53(1 + |a;|)-^ Vx G M^. 

Then by the Holder and the Sobolev inequalities (see, e.g., lfT4l Theorem 1.8]), we have, for every u £ 

C(f (R^), 



(/ K{x)\u\Pdx)p < C( 

= C( 

< C{ 

< C{ 
= C{ 
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dx)' 



'dx) p 



-dx)~^{l |Vwpda;)fe^^~*^ 
Jr« 

-dx)^'i^{[ |Vu|^da;)^'^^"i*^ 



+ 

< C{[ V{x)\ufdx)^'ii{ I \\/ufdx)^' 
where C > is a constant independent of u. It follows that there exists a constant C" > such that 

(/ K{x)\u\Pdxf'P<C'{[ \Vu\^dxf'^ + C\( V{x)\u\''dxf'^. 

JR" JR« JR« 

This implies that E can be embedded continuously into the weighted L^— space 

L^(M^) = {u is measurable in I / K{x)\uY'dx < +00} . 

JR« 
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Then the functional 



= -llulll - - / K{x)\u\Pdx, u€E 
2 P Jr« 



is well defined in E. And it is easy to check that $ is a functional and the critical points of $ are 
solutions of dl.ll ) in E. 

In a recent paper [11, Alves and Souto proved that the space E can be embedded compactly into 
L^(R^) if < & < 2 and 2{N - 2s/h)/{N - 2) < p < 2* and $ satisfies Palais-Smale condition 
consequently. Then by using the mountain pass theorem, they obtained a nontrivial solution for Eg. (II. lb . 
Unfortunately, when p = 2{N — 2s/b)/{N — 2), the embedding of E into L^^{S.^) is not compact 
and <i> satisfies no longer Palais-Smale condition. Therefore, the "standard" variational methods fail in 
this case. From this point of view, p = 2{N ~ 2s/b)/{N — 2) should be seen as a kind of critical 
exponent for Eq. jl.ll l. If the potentials V and K are restricted to the class of radially symmetric functions, 
"compactness" of such a kind is regained and "standard" variational approaches work (see ifTTl and llT3l ). 
But this method does not seem to apply to the more general equation ( II. Il l where K and V are non-radially 
symmetric functions. 

It is not easy to deal with Eq. ( II. lb directly because there are no known approaches can be used 
directly to overcome the difficulty brought by the loss of compactness. However, in this paper, through 
an interesting transformation, we find an equivalent equation for Eq. ( II. lb (see Eq. (12. 9b in Section |2]l. 
This equation has the advantages that its Palais-Smale sequence can be characterized precisely through the 
concentration-compactness principle (see Theorem 15. lb and it possesses partial compactness (see Corol- 
lary |53]l. By means of these advantages, a positive solution for this equivalent equation and then a corre- 
sponding positive solution for Eq. (II. lb are obtained. 

Before to state our main result, we need to give some definitions. 

Let 

V4x) = \x\^^V{\x\^^x) + Cb\x\~^, (1.6) 

where 

a = J(l-^)(iV-2)2 (1.7) 

and 

K^x) ^ \x\^K{\x\^x). (1.8) 
Let (M^) be the the Sobolev space endowed with the norm and the inner product 

|w|| = (/ \\/u\'^dx+ / w^dx)^/^ and = / {\7u ■ Vv + uv)dx 

respectively and LP(M^) be the function space consisting of the functions on that are p— integrable. 
Since 2 < p < 2*. i/^(R^) can be embedded continuously into LP(IR^). Therefore, the infimum 

.^^ 4^ |V^pdx + a4^ v^dx ^ ^ 
v€HHR«)\{o} (4„ \v\Pdx)yp 

We denote this infimum by Sp. 

Our main result reads as follows: 

Theorem 1.1. Under the assumptions (Ai) and (A2), ifh, s and p satisfy ( 11.31 ) and f |1.2| ) and 

\Vu\'dx + - 6) 4„ ^-^^dx + 4„ V.ixMHx 
inf — 

«Gffi(R")\{o} {j^i, K^{x)\u\PdxY/P 

< {l~b/2)^tjL--^Sp, (1.10) 
then Eq. ( Il.lt has a positive solution u G E. 



3 



Remark 1.2. We should emphasize that the condition ( 11.101 ) can be satisfied in many situations. For 
r > 0, let Rr ^ {x (^M.^ \ r/2 < \x\ < r} and H^{Rr) be the closure ofC^{Rr) in iJi(M^). Under 
the assumptions (Ai) and (A2), we have 

Jj^ \Vu\'^dx 

inf —7^ ,, , — —-777 > 0, as r +00. 

«effi(fl,-)\{o} {jj^J\4x)\u\Pdx)^/P 

Then for any e > 0, there exist > and G Hq (Rj) \ {0} such that 

L\Vu,\^dx 



ijj^ K,{x)\u,\Pdx)yp 



< e. 



It follows from this inequality and Jj^ \ x"^' '^^ — /r iVwe^da; that ifsupj^^ Vl, is small enough such 
that 

/r, V^{x)\u^\'^dx 
{!R^K,{x)\u,\PdxYlP 

then 

J^^ \Vu4'dx + - 5) /^^ ^g^dx + /^^ V.ix)\u,\'dx 



(/^ K,{x)K\Pdx)Vp 



52 

< (2+|--6|)e 



This implies that ( II.IOD is satisfied if e is chosen such that (2 + |^ — b\)e < (1 — 6/2) p /i p Sp. 

Notations: Let X be a Banach Space and (p ^ {X, M) . We denote the Frechet derivative of at u by 
f'{u). The Gateaux derivative of (p is denoted by {(p'{u), v), Vw, u e X. By — > we denote the strong and 
by ^ the weak convergence. For a function u, u+ denotes the functions ma.x{u{x), 0}. The symbol Sij 

f 1 * = 7 

denotes the Kronecker symbol: Sij — <. q' ^ _^ ^ We use o{h) to mean o{h)/\h\ -> as ^ 0. 



2 An equivalent equation for Eq. (11.11) 



Forx e M^, let y = |a;| ^^"^x. To u, a function in M^, we associate a function w, a function in 
\ {0} by the transformation 

u{x) = \x\-^'^^-^K{\x\-hi, • • • , l^r^Xiv). (2.1) 
Lemma 2.1. Under the above assumptions, 

A.«(.)H.r^(f|-(A.,.)|i)-^.). 



w/zere 

'^-6)f^^- 
4 |y 



= '5.. + (t - ^)f?f ' J = 1, • • • , (2.3) 



Proof. Let r = By direct computations, 



du b{N~2) h dv b b(K-2) b o dv 

dx^ % 2 ^ dyj 

h b(N-2) n 

--(iV-2)r J ^Xiti (2.4) 
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and 



d^u bN b{N-2) b 2 dv b(N-2) j^d'^v ^ b(w-2) ^ - ^'^''^ 

2 ayf ^ 'dyjdyi 



^ dv 



+ [-{N - 1) + fojr-^-^-^x? ^x,— 

.7 = 1 



3 = 

b b(N-2) t, ov^ 9W 5^ ^ ^ , ^ d'^v 



Then 



+ ^(iV - 2)(^(iV - 2) + 2)r-3(A^-2)-42.2^ - ^(^ - 2)r-t(^-2)-2^. 



a u 



1.2 ^ 32 

b{N~2) , r >^ . s _9 ■^-^ a V 



--'•[l^yV + {--b)r 2 ^ 



- 5)(iV - - J(l - \)[N - 2)2/-2, J_ (2.5) 



i=l 

Since y = |a;|~^/22;^ have r = \y\^^ and = |y| ^^j/i, 1 < i < A^. Then 



^ a2 ^ 



Substituting (12.61 1 and r = |y | into ( 12.51 1 resuhs in 



V— f^— l (2 6) 



U2 N 



b(w+2) / 9 / , / ^ dv\ Cb 



Let 



□ 



iJi^oc(R^) = {u I for every bounded domain 17 C M^, / \\7u\'^dx+ / u'^dx < +00} . (2.7) 

From the classical Hardy inequality (see, e.g., ||7] Lemma 2. 1]), we deduce that for every bounded 
domain n C M^, there exists Co > such that, for every u e i7;o^(R^), 

I ^dx<Cn{l \S/u\^dx+ [ u^dx) (2.8) 
Jo fI Jo jo 
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Theorem 2.2. Ifv£ H^^JM.^) is a weak solution of the equation 



N 



i.,i=l 



i.e., for every ■(/' G C^(M^), 

N 



I E / V4y)vi;dy= f K4y)\vr^vtpdy, (2.10) 



ant/ M ii defined by ( 12. ID . f/ien m G HI^^{M.^) and it is a weak solution of ( 11.11 ). i.e., /or every </? G 
C(f (R^), 

/ VuWifidx+ / F(a;)M(^dx = / K{x)\u\P^'^u(fdx. (2.11) 
Je" Je" Je" 

Proof. Using the spherical coordinates 

xi = rcosCTi, 

X2 = rsinui cos (72, 



Xj — r sin ai sin CT2 ■ ■ " sin (Jj-i cos , 2 < j < iV — 1, 



Xn — 1" SmO"! Sincr2 ■ • • SmCTAr_2 Smf7Ar_i, 

where < CTj < tt, j = 1, 2, . . . , — 2, < ctjv-i < 27r, we have 

dx — r^^^ f{a)drdai ■ ■ ■ dcrjv-i, 

where f{a) = sin^^^ ai sin^^'^ (J2 ■ ■ ■ sincrAr_2. Recall that y = \x\~ix. Let R = \y\. Then r — 
and 

/V_1 2(Af-l) 2 

= r f{a)drdai---daN-i=R }{a)d{R-^->')dai ■ ■ ■ doN^i 

- ^i?*^~'/(^T)di?d(7i---daA,_i - ^Izjl^^dy. (2.12) 

Here, we used dy — R^ f {a)dRdai ■ ■ ■ da^-i in the above last inequality. From ( |2.4| l. ( |2.12t and 
(12. 8t . we deduce that there exists C > such that for every bounded domain Vl C , 

+C I r-"-^-^xjv^{\x\-'/^x)dx 
n 



2C f (dv{yW ^ 2C [ (yr^ yj dv{yW 



2-6 



/ \yryyiy)dy 



2-b 



n 



< C"{ \\7v\^dy+ / dy)< +00. 
Jn Jn \y\ 
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Moreover, 



2-b 



\y\ ''-»v^{y)dy < +00. 



Therefore, u G Hl^^CR^). Then, to prove u satisfies ( 12.111 ) for every ip G C^(M^), it suffices to prove 
that (irTTT i holds for every (p G C^{R^ \ {0}). For tp e C^(M^ \ {0}), let V' e C^(R^ \ {0}) be such 
that 

By using the divergence theorem and Lemma [ZTl we get that 

VuVipdx 



uAipdx 



\y\' 



ip J dx 



_ b(JV-2) 
|?/| 2(2-6) y 



b(w+2) / „ i9 / . , .d^p\ Cb . 



da; 



2-6 
2 



9_ 



2~b 



N 



Moreover, 



2-6 
2 

2-6 
2 

2-6 



and 



y(|y|2-by)u(|y|2-6y)(^(|y|2-6y)|y|2-brfy 

2b b b(W-2) b(W-2) t, 

\y\^V{\y\^y) ■ \y\ ^t^-") u(|y|^y) • |?;| ^f^-") 



K{x)\u\^ '^uipdx 

b b b b 2 bN 

K{\y\^y)\u{\y\'^y)\P~^u{\y\^y)ip{\y\^y)- -\y\^ dy 



2-6' 



2-6 



\y\^->-K{\y\^->-y)\v{y)\P 'v(y)i^(y)dy 



Therefore, 



VuV(^(ix + / y(x)M93(ia; — / iir(x)|it|P '^utpdx 
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2-6 



-'r" Jr'^ \y\ 



+ I \y\^V{\y\^y)v{y)i:{y)dy 

\y\^ K{\y\'^y)\v{y)\P'^v{y)'iP{y)dy 

N 



2-6 
= 0. 



This completes the proof. □ 

This theorem implies that the problem of looking for solutions of (ll.ll l can be reduced to a problem of 
looking for solutions of ( 12. 9t . 

3 The variational functional for Eq. (12.91) . 

The following inequality is a variant Hardy inequality. 
Lemma 3.1. Ifv e iJi(R^), then 

Proof. We only give the proof of ^ for v e C^(R^), since C^(M^) is dense in H^{R^). For 
V £ C|5"(R^), we have the following identity 

f°° d 

Hx)? = - -iTH>^x)\'^d\ = -2 v(Xx)-(x-Vv(Xx))dX. 
Ji dX 

By using the Holder inequality, it follows that 

^ ^' = -2 / / -^-^ ■{x-Vv{Xx))dxdX 



K« V? Jl Jr" \x\ 

r°° dx I 

1 x^L 

2 f v{x) 



„ , dX f v(x) , „ , , 



N~2j^N \x\ 



,12 



(a; • 'Vv{x))dx 



And then we conclude that 



|x-Vw|2 {N~2Y I \v 



dx > : / - — —dx. 



2 



□ 



From the definition of Aij{x) (see (I2.3l l). it is easy to verify that, for u G H^{W^), 

I E^.(-)|^|^'^-- / |V.Prf- + 4-&)/ ^^rf- (3.2) 
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Lemma 3.2. There exist constants Ci > and C2 > such that, for every u G (M^), 

Ci||u|P</ \Vu\^dx + {^-b) [ \^-^^dx+ [ V,ix)\u\^dx<C2\\u\\^. 

Proof. From the conditions (Ai) and (A2), we deduce that there exists a constant C > such that 

\x\^^Vi\x\^^x) < C(l + \x\-^), Vx e \ {0}. (3.3) 

Since 

/ V4x)\u\'^dx= [ \x\^Vi\x\^x)\u\^dx + Cb [ r\odx, 
by ( I3.3l l and the classical Hardy inequality (see, e.g., [7 1) 

we deduce that there exists a constant C > such that 



V4x)\ufdx < C\\u\f. 

This together with the fact that Jj^^ ^^[^"^ '^^ ^ /rn | Vwj^da; yields that there exists a constant C2 > 
such that 

\Vu\''dx + {^ [ / V,ix)\u\''dx 



4 Jrjv |a;| 



< CallulP, Vii e iJi(R^). (3.4) 



If < 5 < 2, then ^ - 6 < and 



/ \\7ufdx + {^-b) [ ^-^dx > / |Vupda; + (^-6) / \\7u\''dx 
7rn 4 Jrjv I a; I Jt^n 4 Jj^jv 

= (1-6/2)2 / \\/u\^dx. (3.5) 

Jr" 

In this case, C,, = |(1 - |)(7V - 2)^ > and 



, = / \x\^->'V{\x\^->' x)\u\^dx + Cb r-k^^ 

> / |xl#Ey(|a;|^a;)|Mp(ia;. (3.6) 



The conditions (Ai) and (A2) imply that there exists a constant C > such that 

/ \Vu\^dx+ [ \x\^V{\x\^x)u^dx>C [ u^dx. (3.7) 

JR« JR" Jr-W 



Combining (|3.5p — p.7p yields that there exists a constant Ci > such that 

/ \Vu\^dx + {^~b) [ \^-^^dx+ [ V,ix)\u\^dx 
Jr« 4 Ju" FI Jr« 

> Cilklp, Vii e iJi(R^). (3.8) 
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If 6 < 0, (|3.7| i still holds. From Lemma |3T| and (|3.7| i. we deduce that there exists a constant Ci > 
such that, for every u G iJ^(R^), 

/ |Vw|^da; + - 5) / ^■^^—^^r^dx+ [ V*{x)\u\'^dx 
Jr" 4 JjjN I a; I 

\x\'^V{\x\'^ x)\u\'^dx 

N 

[ \Vu\^dx+ ( \x\^^V{\x\'^^x)\u\'^dx>Ci\\uf. (3.9) 

Then the desired result of this lemma follows from (13 .4K (13.8b and (13. 9t immediately. □ 
This lemma implies that 

||u|U = (/ |Vupdx + (^-6) / / K(a;)|upda;)i/2 (3.10) 

JR« 4 JjjN I a; I Jrn 

is equivalent to the standard norm || • || in iJ^(R^). We denote the inner product associated with || • \ \a 
by i.e., 



> 



(u^v)a — / VuVf da; + / t4(2;)ut;da; 

JR« JR" 



/• (x • VM)(a; • Vw) , , , , 

+ T-^/ ^ rT2 (3.11) 

4 ./bn a; H 



By the Sobolev inequaUty, we have 



Sa ■■= inf , , ' '-^ > (3.12) 

and 

||"IU>5'|(/ \u\Pdxy/P,yue H^{M.^). (3.13) 



By the condition (Ai) and (A2), if < 6 < 2, then is bounded in M^. Therefore, by ( 13.13) . there 
exists C > such that 

(/ K4x){u+)Pdxy/P <C\\u\\A,'iue H\R^). (3.14) 

JR" 

However, if 6 < 0, if* has a singularity at a; = 0, i.e., 

K^x) - |x|^X(0), as \x\ 0. (3.15) 

Recall thatp = 2{N ~ 2s/b)/{N - 2) and 2s/(2 - b) > -2s/b\fb < 0. Then by the Hardy-Sobolev 
inequality (see, for example, fS] Lemma 3.2]), we deduce that there exists C > such that ( I3.14l i stiU 
holds. Therefore, the functional 

J(u)^-\\u\\l~- [ KJx)(u+)Pdx,ueH\R'^) (3.16) 
2 P Jrn 

is a functional defined in (R^). Moreover, it easy to check that the Gateaux derivative of J is 

(J'(u),/i) = iu,h)A - [ K^{x){u+)P-^hdx, \fu,he H\R^) 
Jr« 

and the critical points of J are nonnegative solutions of ( 12.9b . 
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4 Some minimizing problems 

For 6» = (6»i, • • • , On) G with |6»| = 1, let 



Bij{0) = 5ij + b)9iej, i,j = l,---,N. (4.1) 



By this definition, we have, for u G H^{R^), 

N 



From 



/ \2 B,j{0)^^dx= f \Vufdx + {^-b) [ \e-Vu\^dx. (4.2) 
(l + £-6|)/ IVwprfa; > / \Vufdx + {^-b)[ \e-Vufdx 



> 



(1 - 6/2)2 j^^ I Vitl^rfa;, < 6 < 2 
jgw IVul^da;, 6 < 0, 



we deduce that the norm defined by 



\\u\\e:={ \Vu\'^dx+{- -b) \0-Wu\^dx + a \u\^dx)^/^ (4.3) 
is equivalent to the standard norm 1 1 ■ 1 1 in iJ^ (M^). The iimer product corresponding to 1 1 ■ | je is 

{u, v)e = / VuVvdx + a [ uvdx + -b) [ {9- \/u){9 ■ yv)dx. 

Jrn Jrn 4 JgW 

Lemma 4.1. TTie infimum 

inf '^-^ (4 4) 

ueHi(K~)\{0} (/rjv |«|^'da;)2/p 

w independent of 9 £ wjY/j |^| = 1. 

Proof. In this proof, we always view a vector in as a 1 x A?^ matrix. And we use to denote the 
conjugate matrix of a matrix A. 

For any 9, 9' G with \9\ = \9'\ = 1, let G be an iV x iV orthogonal matrix such that 9' ■ = 9. 
For any u e H^{R^), let v{x) = u{xG), x e M^. The assumption Gis anN x N orthogonal matrix 
implies that GGf^ = I, where I is the N x N identity matrix. Then it is easy to check that 



Note that 



By GG^ = I, we have 



\v\^dx^ / \u\^dx, / \v\Pdx^ / \u\Pdx. (4.5) 

R« »/r« >/R« Jm™ 



Vv{x) = {■Vu){xG) ■ G. (4.6) 



It follows that 



|V^;(a;)|2 = Vv{x) ■ {Vv{x)f 

= {Wu){xG) -G-G^- {{Vu){xG)f = \{Vu){xG)\'' . 



[ \Vv{x)\^dx= [ \{Vu){xG)\^dx= I \Vu{x)\^dx. (4.7) 
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By ( |43] l and 9' ■ G'^ ^ 9,we get that 

N 

'dx. 



J20{^^0' . ((Vm)(xG) • Gf =9' -G^ ■ {{Vu){xG)f = 9 ■ {{Vu){xG)f 



N 



It follows that 



N 



')'.Vv\^dx = / \Y.O^^\'dx 

Jr" OXi 

N 



/ iy"^^^l'rfa;= / \9-Vu\^dx. (4.8) 

JR" OXt Jrn 



By ( |43] |. ( l4!7b and i4M . we get that \ \v\\l, = This together with (|43] | leads to the result of this 

lemma. □ 

Since the infimum (I4.4l i is independent of G with 16*1 = 1, we denote it by S. 

. I p-2 

Lemma 4.2. Lef /7e the infimum in ( 11.91 ). T/ien S = {\ — 6/2) p 5p. 
Proof. Choosing = (1, 0, • ■ • , 0) in 1 1 • | |e, we have 

\\u\\l^{l~\fl l^l'dx + f^f \§^\'dx + af u'dx. 

Z jRiv OXi ^ Jrn OXi Jrn 

By Lemma l4n we have 

g _ ~ |)^ /rw \ '§F^\'^dx + X]»=2 /rw 1^1^^^' + "-/rw "^C^^ 

~ «eHi(R")\{o} (4„ |M|Pdx)2/p 

Let 

v{x) = - b/2)xi,X2,-- ■,Xn), X G R^. 



Then 



2 )^ /r« I dxi \'^dx + X]i=2 /r" I a P*^^ + Jrn U^dx 
Urn \u\PdxY/P 

, ^i^^p^ Srn \Vv\'^dx + aj^^ v^dx 



It follows that 



5 =(1-5/2)^ inf -^«"'y!'''" + ^{«;^''-" ^(l-6/2)^V 

□ 

Since the functionals \\u\\1 and J^jv luj^da; are invariant by translations, the same argument as the 
proof of lfT4l Theorem 1 .34] yields that there exists a positive minimizer Ug for the infimum 5. And from 
the Lagrange multiplier rule, it is a solution of 



12 



and (/x/S')-i/(P-2)[/^ ^ solution of 

- E 7r-K(^)|^) +«« = M(«+r-'inM^. (4.9) 
In the next section, we shall show that Eg. ( 14. 91 ) is the "limit" equation of 

- +V;(x)u = i^4x)(M+f-MnR^. (4.10) 

It is easy to verify that 

Mn)^\\\u\\l-^- ! (u+rdx, ueH\R^), (4.11) 
2 P Jrn 

is a functional defined in i7^(R^), the Gateaux derivative of Jg is 

(J^(it), h) ^ {u, h)e~fi [ {u+y-^hdx, Vit, h e H^R^). 



and the critical points of this functional are solutions of (14.91 ). 

Lemma 4.3. Let 9 e R^ satisfy \9\ ~ 1. Ifu ^ is a critical point ofjg, then 

Je{u)>{]---)n-^-S^-. (4.12) 
2 p 

Proof. Since u is a critical point of Jg, we have 

{J'g{u),u) = \\u\\l- p I {u+fdx. (4.13) 

It follows that 

Mu) ^{\- / {u+Ydx. (4.14) 
Since u ^ 0, by | |u| |^ = /i 4„ and | |u| |^ > S{j^r, {u+Ydxy/P, we get that 

This together with (14.14b yields the result of this lemma. □ 

5 Palais-Smale conditions for the functional J. 

Recall that J is the functional defined by ( I3.16l l. By a {PS)c sequence of J, we mean a sequence C 
i7i(R^) such that J('u„) c and J'(u„) ^ in H-^{R^) as n ^ cx), where i?-i(R^) denotes the 
dual space of iJ^(R^). J is called satisfying {PS)c condition if every {PS)c sequence of J contains a 
convergent subsequence in (M^). 

Our main result in this section reads as follows: 

Theorem 5.1. Under the assumptions (Ai) and (A2), let C H^{R.^) be a {PS)c sequence of J. 
Then replacing if necessary by a subsequence, there exist a solution uq G H^{M.^) of Eq. RTlUi . 

a finite sequence {9i G M.^ | = 1, 1 < ^ < k}, k functions {ui | 1 < i < fc} C iJ^(R^) and k 
sequences {y'j} C R^ satisfying: 
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(ii)- \yn\ oo, - yjj'l -> oo, ? 7^ n -> cx), 
fmj. ||u„ - 1*0 - Ya=i ui{- - yJi)|| -> 0, 

f/vj. J(wo) + ELi "^91(^0 = c- 

This theorem gives a precise representation of {PS)c sequence for the functional J. Through it, partial 
compactness for J can be regained (see Corollary I5.8t . 

To prove this theorem, we need some lemmas. Our proof of this theorem is inspired by the proof of 
m Theorem 8.4]. 

Lemma 5.2. Let u e iJ^(R^). Then for any sequence {?/„} C M^, 

lim sup / Kf:{x + yn)\uY'dx — {). 

n J\x\>R 

If\yn\ — J> CX3, ri — > cxo, then 

lim / \Ki,{x + Un) — /i| • \u\^dx = 0. 



n— >-oo 



Proof. If 2 > > 0, then i^T, is bounded in R^. In this case, the result of this lemma is obvious. If 
& < 0, thenii:,(x) \x\'^K{Q) as \x\ ^ 0. Since 2s/(2 - 6) > -2s/6, by Lemma 3.2 of flS), the map 
V ^ kI^^v from i/^(]R^) — s> i^^^(R^) is compact. Therefore, for any e > 0, there exists > such 
that 

sup / K^{x)\u{x — yn)\^dx < e. 

n J\x\<5^ 

And there exists D{e) > depending only on e such that K^,{x) < D{e), \x\ > 6e. Then for every n, 

K^{x + yn)\u\Pdx 

\x\>R 

< / K^{x + yn)\u\Pdx + / K^{x + yn)\u\Pdx 

J {x I \x+yn\<5c, \x\>R} J {x I \x+y,^\>St, |x|>-R} 

< e + C(e) / \u\Pdx. 

J\x\>R 

It follows that limsupj^^^ sup„ J\x\>R-^*i^ + yn)\u\''dx < e. Now let e — > 0. 

Using the same argument in the above, for any e > 0, there exist (5^ and D{e) such that 

sup / \Kt:{x + t/„) — /i| • \u\^dx < € 

" J\x+y„\<5c 

and 

\K*{x + yn) - n\ ■ \u\Pdx < {D{e) + h)\u\p, \x + y„| > S^. 

Since ?/„ 00, we have limA'*(x + yn) — Then using the Lebesgue theorem and the above two 
inequalities, we get that 

lim sup / \Kf{x + yn) — ii\ ■ \u\Pdx < e. 

n— s-oo 7e" 

Let e — > 0. Then we get the desired result of this lemma. □ 
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Lemma 5.3. Let p > 0. If{un} is bounded in H {M. ) and if 



sup / |u„pda; — > 0, n — ;> oo, (5.1) 

yeR« J B{y,p) 



then kl'^Un in LP(R^) 



Proof. Since 2s/(2-6) > -2s/fe, by Lemma 3.2 of [81, the map w Kj^vfxomH^{R^) iL(M^) 
is compact. Therefore, for any e > 0, there exists (5^ > such that 

sup / K^.{x)\un\^dx < e. 

J\x\<5, 



And there exists Z)(e) > depending only on e such that /v, (x) < D{e), \x\ > Se- By ( fSTl l and the Lions 
Lemma (see, for example, lfT4l Lemma 1.21]), we get that 

/ K^{x)\u^\Pdx < D{e) |w„|Pda; ^ 0, n ^ oo. 

Therefore, limsup„^oQ /g„ K^:{x)\un\^dx < e. Now let e — > 0. □ 
Lemma 5.4. Let {y„} C M^. Ifu„ u in iJi(R^), then 

K4x + y„)(u+)f-i - luix + y„)(K - u)+)p-^ - K^x + yn)iu+)P-^ ^ in if-i(K^). 



One can follow the proof of [14 Lemma 8.1] step by step and use Lemma p^ to give the proof of this 
lemma. 

The following Lemma is a variant Brezis-Lieb Lemma (see iHl) and its proof is similar to that of lfT4] 
Lemma 1.32 ]. 

Lemma 5.5. Let {«„} C H^{M.^) and {y„} C M^. // 

a) {un} is bounded in H^{R^), 

b) Un u a.e. on , then 

lim / K^{x + yn)-\{u+)P -{{ur,~u)+)P -{u+)P\dx = 0. 
f fP t > 

Proof. Let j{t) = <, g ' ^ ^ q ■ Then j is a convex function. From f?), Lemma 3 ], we have for any 
e > 0, there exists C(e) > such that for all a,b eM., 

\j{a + h)~3{h)\ < ej{a) + C{e)j{b). (5.2) 

Hence 

fn {K*ix + Vn) ■ \{utY - (K - - {n+)P\ - eIU{x + y^) ■ (K - u)+)p) 

< {l + C{e))K^{x + yn)-{u+)P. 

By Lemma 3.2 of |8|, the map v t-^ K^Py from ffi(M^) Lf^^(R^) is compact. We get that there 
exists > such that for any n, 

f:,dx < e. (5.3) 

\x+y„\<S, 
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And there exists D{e) > depending only on e such that K^,{x) < D{e), \x\ > Se- Then 

f:,<{l + C{e))Die)-iu+r, |x + y„|>5,. 
By the Lebesgue theorem, /, ^ fn'^^ ^0, n ^ oo. This together with (|5.3t yields 



limsup / /^(ia; < e. 



The left proof is the same as the proof of [ 14, Lemma 1.32], □ 
Lemma 5.6. If 

Un^u in H^{M.^), 
Un ^ u a.e. on M^, 
J(u„) c, 

J'(u„) -^QinH-^{M.^), 
then J'{u) = in H^^{M.^) and Vn ■= u„ — u is such that 

\\'Vn\\\ = \\Un\\\ - \\u\\\+o{l), 
J{Vn) -> C - J(u), 

J'(w„) ^OinH-'^iM.'^). 
Proof. 1). Since u„ ^ u in H^{M.^), we get that, as n ^ cxo, 

\\Vn\\\ - \\Un\\\ = ("n - W, M„ - - H^nlli = - 2(u„,u)a 

Therefore, 



2 _ IL, ||2 IL,I|2 



\\u\\\ + o{l). (5.4) 



2) . Lemma |53] implies 

K*{x){v+)Pdx^ [ K,{x){u+Ydx- j K,{x){u+Ydx + o{l). (5.5) 
By ( |5.4| i. ( 15.51 ) and the assumption J(w„) — > c, we get that 

J{Vn) — > C — J(u), n — >■ CXD. 

3) . Since J'(u„) -> in iJ-i(R^) andu„ ^ w, it is easy to verify that J'[u) = 0. For /i e 

= {Vn,h)A- f K,{x){v+r'^hdx 



= {un,h)A-{u,h)A~ K,ix){v+)P-^hdx. (5.6) 

By Lemma l5l4l we have 

sup I / K,{x){v+Y-'^hdx~ [ K,{x){u+Y-^hdx + [ K4x){u+)P-^hdx\ 
\\h\\<i Jr" 7r« Jr« 

-> 0, n oo. (5.7) 

Combining ^ and (E?)! leads to J'(v„) = J'(u„) - J'(u) + o(l). Then by J'(u„) ^ in H-^{R^) 

and J'(w) = 0, we obtain that J'(t;„) ^ in R-^R^). □ 
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Lemma 5.7. If |y„| — > oo and as n — >■ oo, 

un{- + yn) -^uiriH^R^), 
Un{- + yn) u a.e. on M.^ , 

J{Un) -J> C, 

J'(u„) ^Oin H-\R'^), 
then there exists 9 G with \6\ = 1 such that Jg{u) — and w„ = u„ — u{- — j/„) is such that 

||«„|P^||u„|p-||u||2+o(l), 

J{Vn) c~ Je{u), 
J'{vn) ^OinH'^iR^). 

Proof. We divide the proof into several steps. 

1) . Since u„(- + j/„) w in H^{M.^), it is clear that 

|Wn|P = \\Vn{-+ynW = IM + VnW + 1 1 u| P - 2 (m„ (■ + l/„) , m) = ||li„|P - +o(l). 

2) . Forany/iei7i(M^), 

{J'{u^),h{--Vn)) = {unM--Vn))A- ! K ,{x){u+f'^ h{- ~ y^)dx . (5.8) 
By the definition of the inner product (•, ■)a (see (13.11b ). we have 

{Un,h{- - yn))A 

VunVhIy- - yn)dx + (-r - o) / ri? 

4 Jrn \x\^ 

+ I V^{x)unh{- - yn)dx 



Vu„(- + yn)Vhdx + a u„(- + y„) • hdx 
+ / (K(a; + yn) - a)un{- + yn) ■ hdx 

I + 11 + III. (5.9) 
Since it„(- + y„) ^ ii in _ff^(R^), we have 

/ = / Vw„(- + yn)yhdx + a m„(- + 2/„) • /ida; = (u„(- + j/„), /i) 

VuVhdx + a / uhdx, n ^ oo. (5.10) 



/R" JR" 

By the assumption (A2) and the definition of 14, we have lim|j,|_j.oo Vi,{x) = a. This yields 

sup / — a| • \h{x — yn)\'^dx — > 0, i? — !> 00. 

n "'|K|>i?, 

Moreover, together with (12.8) and the fact that \yn\ -^00 yields that for any fixed R > 

\V^{x) - a\ ■ \h{- - yn)\'^dx 

x\<R 

2 



< C{f \Vh{-~yn)\^dx+ f 

J\x\<R J\x 



h{- — yn)\ dx) — 0, n — !> 00. 

|2;|<_R, 
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Combining the above two limits leads to 

/ \V.^. {x + Un) - a\ ■ \h\'^dx ^ 0, n oo. (5.11) 
By ( 15.1 It and the Holder inequality, we have 



\II\ = I / {V^{x + y„) - a)un{- + y„) • hdx\ 



< (/ \V4x + yn)-a\ul{- + yn)dx)^{ + y„) - aj/i^dx) ^ 

JR" JR« 

< C( / \V^{x + yn)-a\h'^dx)^ ->-0, n^oo. (5.12) 

JR" 

Since Vh G i^(R^), for any e > 0, there exists > such that 



/ 

Jr 



\Vh\'^dx < e. 



It follows that 



Then 



R"\{ii^i<i?,a 



^"';„ I, rfx < / m^dx < e. (5.13) 



< ( / |Vw„pdx)i/2( f \Vh\^dx)^^^ < Ce (5.14) 

JR« JR«\{|£!;|<flJ 

where the constant C is independent of e and n. There exist a subsequence of y„/|y„|, denoted by itself 
for convenience, and 6 G with |6'| = 1 such that y„/|j/„| — > 6* as n oo. Then by |y„| — > oo, we get 
that, as n cxo, 

— : + - — : — )■ y, a.e. on M 

|2/"I \yn\ 

and + converges to 9 uniformly for < R^- Therefore, there exists such that, when n > N^, 

-f {9-Vu,,{- + yn)){e-Vh)dx\<e. (5.15) 

J{\x\<R,} 

Since u„(- + j/„) ^ w in i/i(M^), we have Vu„(- + ^ Vu in L'^{R^). It implies that 
/ {9 -Vuni- + yn)){0 ■Vh)dx ^ I {9 ■Vu){e ■Vh)dx, n ^ oo. 

J{\x\<R,} J{\x\<R,} 
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This together with (|5TT4] i. (|5T3|l and 

/ \9-\/hfdx< [ \Vh\^dx<€, 

Jr'^\{\x\<R,} Jr"\{\x\<R,} 

yields that there exists > such that when n > N'^, 

\f ( |?^|?| -V^nO+^^O d?^!?, ■Vh)dx- f {0.Vu)i0-Vh)dx\<{A + C)e. 

'Jih^ \yr^\' 

Thus 

62 f 

III^{—-~b) {e ■Vu)ie ■Vh)dx, n->- oo. (5.16) 

4 Jrjv 

Combining ( 15.10b . ( 15.121) and (15.161 ) leads to 

(u„, h{- - yn))A 

= /" VuVhdx + a [ uhdx + {- b)[ {0 ■ \'u){e ■ \'h)dx + o{l) 

= {u,h)e + o{l). (5.17) 
We obtain by the Holder inequality and Lemma lSSj that. as ?i — !■ cx), 

\f K4x + yn){u+{- + yn)r-'hdx~fi f {u+r-^hdx\ 



< C(/ |X4:E + y„)-/ir-|/irda;)p ->0 

where C and C are positive constants independent of n and h. This together with (I5.8l l and (I5.17l i yields 

(J'K), - Vn)) = ( JeM, + (5.18) 

Then by the assumption J'(ii„) ^ in H-^R^), we get {Jg{u),h) = 0,\fh e H^{R'^). Therefore, 
4{u) = 0. 

3). From the definition of w„, 

\\Vn\\\ = Ikn - - yn)\\\ = ll^nlli + " VuWa " 2(u„,m(- - y„))A- (5.19) 

By the definition of the norm 1 1 • \ \a (see ( 13.101 )). we have 

\H--yu)\\\ = / |V<-2;„)pdx + (^-5) / '"•^f'-^-^l' rfx 

JR« 

+ / V4x + yn)\u\^dx. (5.20) 



- / V*{x + yn 



Since Vm G L2(M^) and + ^ 6* a.e. on R" , using the Lebesgue convergence theorem, we get 
that 

(^ + r^)-Vw|2 
'^"'^ '^"'^ dx-^ / 16* • Vwl^dx, n ^ oo. (5.21) 
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By jSTTT i. (|5^ and jSTITT ). we get that 

ll"(--yn)llA = / iVwprfa; + - 6) / \e-Vu\^dx + a[ \u\^dx + o{l) 

= 11^^11^ + 0(1). (5.22) 
Combining dSlgj l. ( |5l22l l and dSTTTt leads to 

ll«n||i = ||w„|li-||^i|le + o(l). (5.23) 

Note that 

K^{x){v+Ydx 



K^{x + y„)((u„(- + Vn) - u)+)Pdx 

{{kI {x + 2/„)w„(- + 2/„) - x| (a; + y„)w)+)f dx. (5.24) 
We obtain from Lemma |53] that 

{{K^ (x + y„)u„(- + Un) - KS {x + yn)u) + )Pdx 

{{K;{x + yn)u+{- + Vn)Ydx~ f i{Khx + yn)u+)Pdx + o{l) 

K4x){u+)Pdx- [ K4x + yn){u+)Pdx + o{l). (5.25) 
By Lemma l5l2l 

/ K^{x + yn){u+)Pdx^ [ {u+)Pdx + o{l). (5.26) 

JR« JR" 

Combining (|5^ - (|5^ yields 

K*{x){v+Ydx^ [ K4x){u+)Pdx - (1 [ {u+)Pdx + o(l). (5.27) 

Combining ( |5.23t . ( 15.271 ) and the assumption J{un) c leads to 

J{vn) = J"(u„) - Je{u) + o(l) = c - Je(u) + o(l). 
4). For/i e i/i(M^), 

(j'K),/l) = {Vn,h)A- [ K^xYv+Y'^hdx 

JR" 

= K, h)A ~ H- - 2/„), h)A - [ K,{x){v+)P-'hdx. (5.28) 



We shall give the limits for {u{- — yn) , h) a and J^j^ K^,{x){v:^)p ^hdx as n — > oo. 
First, as (|5.9l l. we have 

- y„), h)A 

VuS/h{- + yn)dx + a u ■ h{- + yn)dx 



+ I {V^{x + yn) - a)u ■ h{- + yn)dx 
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By the Holder inequality and ( 15.111 ). we get that if | | < 1, then 

(K(a; + Un) ~ a)u ■ h{- + yn)dx\ 

T 

< ( / \V^{x + yn) - a\- V? dx^/^f \V4x)~a\h^dx)^/^ 



< C(/ \V4x + yn)-a\-u^dxy^^ ~^0, n^oo. 

Thus, as n cxd, 

/ {V^{x + yn) - a)u ■ h{- + yn)dx ^ o{l) 
holds uniformly for \ \h\ \ < 1. Moreover, a similar argument as the proof of (I5.16P yields that, as n — ;> oo. 



\Vn\ \yn\' I \yn\ \V,^\ ' 

{9 ■ Vu){e ■ \7h{- + yn))dx + o(l) 

holds uniformly for \ \h\ \ < 1. Therefore, as n — > cxd, 

{u{- - yn), h)A = (u, h{- + yn))e + o(l) (5.29) 

holds uniformly for \ \h\ \ < 1. 

Second, from u„(- + ^ u in _ff^(]R^) and Lemma|531 we deduce that, as n oo, 

K:t{x + yn){{u„{- + y„) - u)'^Y^^h{- + yn)dx 

K-,{x + yn){{u+{- + yn)Y~^h{- + yn)dx 



+ / K,{x + yn){u+Y-^h{- + yn)dx\^Q (5.30) 

JR" 

holds uniformly for \ \h\\ < 1. By the Holder inequality, ( 13.141 ) and Lemma 15721 we get that, if < 1, 
then 

\f K4x + yn){u+r-^h{- + yn)dx\ 

J\x\>R 

< if K,{x + yn){u+)Pdxf-T^{f K4x + yn)\h\Pdxy/P 

J\x\>R J\x\>R 

< C{[ K^{x + yn){u+Ydx)^ ^0, R^QO (5.31) 

J\x\>R 

By Lemma l572l we get that, for every i? > 0, as n oo, 

sup I / {K^{x + yn) - ^^){u^Y^^K■ +yn)dx\ 

\\h\\<l J\x\<R. 

< sup(/ \K4x + yn)~ fi\iu+Ydx)'^i [ iK^x) ~ ii\ ■ IhfdxY^P 

\\h\\<l J\x\<R. JR" 

< Cif \K4x + yn)- ^i\{u+Ydx)^ ^0. (5.32) 

J\x\<R 
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Combining ( |5.31| l and ( |5.32| i yields that 

K^x + yn)iu+)P-^h{- + y„)dx ~ fi [ {u+)P-^h{- + yn)dx ^ (5.33) 
holds uniformly for | | < 1. Then by (|530l l. ( |533] l and 

K4x){v+r-^hdx^ f K,{x + yn)iiUn{-+yn)-u) + )P-'hdx, 

we get that, as n ^> oo, 

K,{x)iv+)P-^hdx- [ K,{x)iu+)P-^hdx + n [ {u+)P-^h{- + y„)dx\ 
^ (5.34) 

holds uniformly for \ \h\ \ < 1. 

Finally, combining ( |5^ , ( |5^ and ( |5J4l l leads to 

{J'{v„),h) - {J'{u„),h) + {J'g{u),h{- + y„)) ^ 

holds uniformly for \\h\\ < 1. This together with the fact that Jg{u) = and J'(ii„) ^ in ^"^(R^) 
yields J'(u„) ^ in iJ-i(R^). □ 

Proof of Theorein l5.ll We divide the proof into two steps. 

1) . For n big enough, we have 

C+1+ > JiUn) -p'\j\u.n),Un) = (J - -)\\Un\\\. (5.35) 

2 p 

As mentioned in section[3] the norm 1 1 ■ | j^i is equivalent to the norm 1 1 • 1 1 . Therefore, there exists a constant 
C > such that \\u\\a > C\\u\\, Vu G iJi(K^). Then by (15.351 1. there exists a constant C" > such that 
for n big enough, 

C + 1 + > C'||u„|p 

It follows that 1 1 It ,, 1 1 is bounded. 

2) . Assume that ii„ ^ mq in H^{R^) and u„ — !> uq a.e. on R^. By Lemma I5l6l J'(wo) = and 
= u„ — Uq is such that 

ll^^lli=lkn||A-|ko|lA+o(l), 

J{ul) ^ c- J{u), (5.36) 
J'(iii) ^0 in ff-i(R^). 

Let us define 

S := lim„^oo sup / \ul^\'^dx. 

j/GR" J|x-j/|<l 

If J = 0, LemmaOimplies that kI^^u^ ^ in LP(R^). Since J'(ui ) ^ in iJi(R^), it follows that 

\\ul\\\ = {J'inl),ul)+ [ K4x)iiul)+)Pdx^0 



and the proof is complete. If 5 > 0, we may assume the existence of {y^} C R^ such that 

\ul\^dx > 5/2. 

Ix-j/i |<1 
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Let us define :— + We may assume that vl^ ui in H^{M.'^) and vl^ ui a.e. on M^. 
Since 

Kl'dx > S/2 



\<i 

it follows from the Rellich Theorem that 

[ \u^\^dx>S/2 

J\x\<l 

and ui 7^ 0. But it^ ^ in iJ^(R^), so that {jy,"',!} is unbounded. We may assume that |y^| — oo. 
Finally, by (15.361 1 and Lemma Ell there exists 9i G with \9i\ = 1 such that Jg^(ui) = and 
:— — ui{- ~ y^) satisfies 

\\uir^\\ui\\'-\\m\\' + o{l), 



J'«) ^Oini/-i(M^). 



Moreover, Lemma l43] implies that 



1 1 2_ ^ 

2 P 

Iterating the above procedure we construct sequences {di}, {ui} and {yjj}. Since for every I, Jg, (u/) > 
(i — i)/i^p^S'p^, the iteration must terminate at some finite index k. This finishes the proof of this 
theorem. □ 

The following corollary is a direct consequence of Theorem 15 . II and Lemma |43] It implies that the 

1 1 — 2 p 

functional J satisfies {PS)c condition if c < — j^)fi p-^ S^-^ . 

Corollary 5.8. Under the assumptions (Ai) and (A2), any sequence {un} C H^{M.^) such that 

J(u,,)^c< (- - -)^-l^S^^, J'(u„) ->OinH-\R^) 
2 P 

contains a convergent subsequence. 



6 Proof of Theorem 

Recall that the critical points of J are nonnegative solutions of i2.9i . By Corollarv 12.21 to prove Eg. (11. It 
has a positive solution, it suffices to prove that J has a nontrivial critical point. And by Corollary 15. 8J 
it suffices to apply the classical mountain pass theorem (see, e.g., fT4l Theorem 1.15]) to J with the 
mountain pass value c < (| — 

By the assumption dl.lOl) and Lemma l4~2l there exists a nonnegative uo G H^{R^) \ {0} such that 

< (1 — 0/2) p p6p = ^ pS. 



[J^^ K^{x)uldx)VP 
We obtain 



< max 

t> 



ixJ{tuo) = max{— ||iio||^ / K4x){u^fdx] 

U t>U \ Z p Jj{N / 

= (^--)(iKiiV(/ K^wdxr/py 



,1 1, 

p' 

< {l--)^^'^s^-. (6.1) 

2 P 
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By ( l3T4l l. 



1 CP 

J{u)>-\\u\\\-—\\u\\\. 



Therefore, there exists r > such that 

h := inf J{u) > = J(0). 

11" IU=r 

Moreover, there exists to > such that | l^owol U > ^ ™d J{toUo) < 0. It follows from ( 16.1b that 

max JlttoUf)) < (- - -)u^^5'^. 
te[o,i] 2 p^'^ 

By Corollary 15. 8 1 and the mountain pass theorem (see fT4' Theorem 1.15]), J has a critical value c such 
that 6 < c < (i — ^)^~p^Sp^ and Eq.( |2.9l l has a positive solution v G i?^(M^). Then by Theorem 
12.21 the function u defined by (12.1b is a positive solution of (II. lb . To complete the proof, it suffices to 
prove that u E E. Using the divergence theorem, Lemma IZTI and (12.12b . we get that 

uAudx 

N 

b(w+2) / Jl^ d / ^ . . dv \ Cb \ , 



\dyj\ dyiJ \y 

7rn V /-^ oyj \ ay., 



w I da; 



Moreover, by Lemma |2~n and ( 12.12) . we get that 

V{x)u^dx^ I V{x)\x\-^^^-^^v^{\x\-^x)dx [ V4y)v^dy. (6.2) 
Therefore, ||u||| = ||u||^ < oo. □ 
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